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Abstract Sampled-data (SD) based linear quadratic (LQ) control problem of stochastic linear
continuous-time (LCT) systems is discussed. Two types of systems are involved. One is time-
invariant and the other is time-varying. In addition to stability analysis of the closed-loop systems,
the index difference between SD-based LQ control and conventional LQ control is investigated. It is
shown that when sample time AT is small, so is the index difference. In addition, the upper bounds
of the differences are also presented, which are O(AT?) and O(AT), respectively.
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Information on system structure, states, outputs etc. is very important and indispensable
when we implement a control to the system involved. However, sometimes not all the information
is available because of the comprehension degree to the system and the impact and restriction
of many factors such as the measure instruments, the estimation methods, the sampling and
computation speed. For instance, in some cases, the system state itself is a continuous process,
but what we can measure is only sampled data, due to the limit of the sensor, and the speed of
sample pattern and signal processing. This leads to the following questions: for a given control
criterion, under what condition can a sampled-data (SD) based control match a conventional
full-state (F'S) based control? If the former does not match the latter, what is the difference?
Can the difference be expressed quantitatively?

Stimulated by the above-mentioned issues, this paper studies the quadratic optimal control
problem of stochastic linear continuous-time systems (LCT). Two types of such systems are in-
vestigated. One is time-invariant and the other is with time-varying Markovian jump parameters.
In this work, the state is governed by a stochastic LCT differential equation, and thus, is a con-
tinuous process; but the state is unmeasurable except at the discrete sample time instants. So,
only the discrete information (i.e. sampled data) is available to the designer for control design.
Such control is usually named SD-based control. Generally speaking, the closed-loop system
with SD-based control is a hybrid system with both continuous and discrete information. There
has been lots of literature on this kind of system (see e.g. refs. [1—6]). The objects studied in
refs. [1—4] were deterministic systems; and the control design method was first to discretize the
original continuous-time model, and then, design the optimal control for the discrete model. Just
as shown by Example 6.6.1 of ref. [4], the disadvantage of this method is that the control effect

at the sample times is overemphasized, which is liable to cause the system fluctuating between
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the sample times. Refs. [5, 6] considered SD-based stabilization control of nonlinear stochastic
systems with input gain as a known identity matrix. A relationship between sample step size
and stability property of the closed-loop system was established. The contribution of this pa-
per is: (i) General stochastic LCT systems are discussed, including systems with time-invariant
and time-varying Markovian jump parameters. (ii) The control design is directly based on the
original continuous system and the original continuous performance index, without involving
any discretized models and discretized indices. (iii) In addition to stability of the closed-loop
systems, the optimal index is analyzed. Particularly, the performance indices corresponding to
the SD-based LQ control and the FS-based LQ control, respectively, are compared. And the

difference between the performance indices is quantitatively expressed.
1 SD-based LQ optimal control of time-invariant systems

In this section, we consider SD-based LQ optimal control problem of LCT system with

time-invariant parameters. Suppose the system model is of the form
d.CCt = A$tdt + Butdt + Cth, (1)

where z; € R”, u; € R™ and W; € R" are system state, input and disturbance, respectively; and
W, is a standard Brownian motion.
Suppose the parameters A, B are known, and [A, B] is controllable. The quadratic index

function is

1 rt
J(u) = limsup n / (27 Qxs + ul Ruy)ds, (2)
0

t—o0

where R > 0, Q > 0, and [A, Q'/?] is observable.

Our objectives are (a) to investigate the effect of the sample step size on the control functions,
(b) to find out the stabilizability condition by the SD-based control, (¢) to study the difference
between the optimal index values corresponding to the SD-based LQ control and the FS-based
LQ control, respectively, and (d) to establish an explicit expression of this index difference. To
get a comparative picture, we first recall the optimal index value corresponding to the FS-based
LQ control in Theorem 1.1, and then, present the optimal index value corresponding to the
SD-based LQ control in Theorem 1.2.

For the convenience of citation, we denote u = {uy, t > 0}, u* = {u;, t > 0}, and introduce

the following admissible control set:
U={u: u € o{zs: s <t} such that the state {z:} of (1) satisfying
tlggo %||mt||2 =0 and liirisolip % /Ot l|l2s]|?ds < 00} (3)
Theorem 1.1. Consider system (1). Assume [A, B, Q'/?] is controllable and observable,
P is the unique positive-definite solution of the following algebraic Riccati equation
A"P+ PA" — PBR'B"P+Q =0. (4)
Then
(i) For any v € U, J(u) > tr(CTPC).

(i) uf £ —R~'B"Pa, € U, and J(u*) = tr(CTPC) = min J (u).
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This result can be found in some works (e.g. ref. [7]). And so, the proof is omitted here.

We now consider the SD-based LQ optimal control. Assume the sample step size of the
system signal is AT. By using a zero-order hold, we can design an SD-based LQ control as

u; = —R™'B"Pxyar, t€ [KAT,(k+1)AT). (5)

For simplicity, we will use x; to denote the sampled data zia7 of the state x at the sample
time kAT

Under the control law (5), we have the following results.

Theorem 1.2. Consider the system (1). Assume [A, B, Q'/?] is controllable and observ-
able. Under the SD-based LQ control (5), if AT satisfies

1
ATelIAIAT < , (6)
(1+ 3[BT H|)Axll
then .
1

lim sup 7 / (2T Qx4 + ul Ru,)ds < tr(CTPC) + O(AT?), (7)

t—oco 0

where -
A2 A-BR'B'P, Bi2BR'B'P, H-= / eAlteArt gy, (8)
0
BTH
Remark 1.1. Let ¢; = AT||Aq|elA1AT oy = w Then when AT satisfies (6), it
—

is easy to verify that

1
c1 € (0,1), o] € (0, §:| .

Remark 1.2. Let f(z) = zel4l*. Tt is easy to see that, for = € [0,00), f'(z) = (1 +
|Alz)el4l® > 1 > 0. This implies that f(z) = zel4l® is strictly increased on = € [0,00).

Therefore, the range of AT can simply be determined as:

1
0 < AT € min\< a, ,
{ (1+3||BIH||)||A1||6‘A'“}

where « is any given positive real number. In particular, one can take o = 1. In this case,

1
0 < AT < min< 1, .
{ (1 +3||BIH||)||A1||6A'}

Of course, if the solution zy of equation zelAl® = is given, then the range of AT

can be determined by: AT € (0,z). Unfortunately, generally speaking, solving this equation
needs lots of computational load.

Remark 1.3. Here we give only a range of AT. When the sample step size AT is in
this range, it can be shown that the SD-based LQ control (5) guarantees the stability of the
closed-loop system, and is suboptimal. For general nonlinear systems or other control objectives,
it is difficult and complex to solve the following problems, such as, how to figure out the maximal
range of AT, how to choose AT optimally, and how to obtain an explicit expression describing the
relationship between the sample step size and system structure and parameters. The best way is
to study case by case. This is because these problems depend not only on system structure and
parameters, but also on the control objectives. For instance, the control objectives of ref. [6] are

system stabilization and control robustness. By an appropriate description of the uncertainty
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measure, a relationship of the sample step size to the uncertainty and stabilizability of the
system is established. However the control objectives of this paper are system stabilization and
SD-based suboptimal LQ control. Hence, the choice of the sample step size depends on not only
the system parameters A,B, but also the index parameters R, @ and the index’s quadratic form.
For instance, P,A;,B; and H stem from the index. Furthermore, since H = fooo eArteAitdt the
value of ||H|| is, in general, dependent on the real part of A;: the smaller the real part of 4, is,
the larger |H|| is. By (6), this may reduce the range of AT.

We first introduce the following lemma before proving Theorem 1.2. This lemma is critical
in the proofs of Theorem 1.2, Theorem 2.1 and Theorem 2.2 of the next section.

Lemma 1.1, Let {z;, F;} be an adaptive process such that

t
/ zds < oo as. Vt=0.
0

If {wy, F;} is a Wiener process, then as t — oo

t ¢ ¢
/ zsdws = O \/(/ a:?ds) log log (e —|—/ x?ds) a.s.
0 0 0

Proof of Theorem 1.2. For the simplicity of expression, let us introduce the following

symbol t’ = [é-‘ AT. Here, [z] denotes the maximal integer less than or equal to x.
Under the SD-based control (5), system (1) has the following closed-loop form
dzy = Ayzedt + By (ze — @ )dt + CdW, (9)
= Ajzpdt + A(zy — xp)dt + CdW,. (10)

By Ito’s formula, Vt € [t',t' + AT),
Ty — Ty = A/It(:vs —xg)ds+ (t — t')Ayzy + C(Wy — Wy). (11)
By (11), Vt € [t/,t' + AT), t
t
oy — o || < || Al /t |25 — zolds + AT Ax[[|lze || + [C (W — W)]l. (12)

Applying Grownwall lemma, we obtain

e = 2]l < ATl e /4106 + 7 = Wo)|
t
+Al [ IOV, = Worlds < ealmel] +ea) (13)
tl

where
C1 = AT”Al ||€HA”AT,

t
ea(t) = [C(W, — W) + ||A|\e”A“AT/ IC(W, — Wy)||ds.
tl

Notice that by (9) and Ito’s formula,

t t
x; Pxy — x{ Pxo = /0 7 (ATP + PA;)xds + /0 ((xs — g )" B Pxs + 2, PBy(xzs — ws))ds

t
+2/ 2T PCAW, + t - tr(CTPC).
0
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Then, we have

t
z; Pry + / (27 Qxs + ul Rus)ds
0

t t
zy Pxo + / 2L (ATP + PAy)zsds + / (27Qzs + (ul +us — ul)"R(ul + us — ul))ds
0 0

t t
* / ((xzs — x5 )" B] Pzs + x] PB1(zs — s ))ds + 2/ 2L PCdW + t - tr(CT PC)
0 0
t t
=z Pxo + / (g —24)"PBR™'B"P(x, — x4 )ds + 2/ T PCAW, +t - tr(C™ PC)
0 0

¢ ¢
= zjPxo + / s — 25 || 5ds + 2/ x; PCdWs + t - tr(C" PC), (14)
0 0

where G 2 PBRIB™P, ||zy — zy||% = (25 — 25)"G(2s — z4).
Now, we show that when AT is small,
1 [t
lim sup 7/ l|lzs ||?ds < 0. (15)
t t 0

It is easy to see that H satisfies ATH + HA; = —1. By (9) and Ito’s formula,
t t
zy Hxy = a{Hag — / l|lzs||%ds + 2/ (zs —zg)"B{Haods +t-tr(CTHC)
0 0
t
+2/ 2T HOAW,. (16)
0

Further, by (13),
(zs —2y)"B{Hey < [|B{H|| - [lzs — 2o || - [lzs]| < | BT H||(cr]|zs || + c2(s))]|s]]

T €1 ca(s)
< 1B7H] | ol + 2] )l < anmal? + B @l (17)
1 C1 1 C1
where \BrH| |Br Hles(t)
T c T c
oy = WBEHller g ) IBIHllea(t)
1—c 1—¢;

Here we have used ¢; € (0,1) (see Remark 1.1) and the following inequality induced from (13)
1 ca(s)
o)+ -2)
—C1 — C1
Substituting (17) into (16), and using Lemma 1.1, we have

t t
z;Hry < xfHzog — (1 — 2a1)/0 l|lzs||?ds + 2/0 B1(s)||zs||ds

lzsrll < (18)

t
+t-tr(CTHC) + 2 / 2T HCAW,
0

t t 1/2 t 1/
< afHeo — (1= 201) [ ||a:s||2ds+2< / ||ﬁl<s>||2ds) (/ ||xs||2ds)
¢ 2/3
+t-tr(CTHC)+O<</ ||a¢s||2ds> ) (19)
0

From (6) and Remark 1.1 it follows that

1
1—2&125.
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Then by the independent increment property of |W; — Wy || and the large number law, we have

. 1t AT
lim sup — / 1B1(s)]*ds = E/ 1B1(s)]|*ds = O(AT?). (20)
t—oo U 0 0
And so,
, 1. I )
limsup ( —2] Hzy + (1 — 204) - lzs||“ds
t—o0 t t 0
1t 1/2 1 ¢ 2/3
<tr(C"THC) + O [ limsup (—/ ||:vs||2ds> + O [ limsup - </ ||a¢s||2ds> .
t—o0 t 0 t—o00 t 0
Thus,
hmsup / l|l2s]|2ds < oo. (21)
Furthermore, by (18) and (21) it can be seen that 15 is true. Again, by (13) we have
1t
limsup — / lzs — x5 ||Gds 201 hmsup ||acS ||2Gds+2limsup—/ 02(3)2ds
t— o0 t—o0 t 0
= O(ATZ). (22)

This together with (14) gives

1 1t
lim sup [tmtTPa:t + E/ (2] Qzs + u;Rus)ds}
0

t—o0
t
= tr(C"PC) + limsup % / |lzs — 2o ||5ds = tr(CTPC) + O(AT?).
t—o0 0
Hence, (7) holds.
2 SD-based LQ optimal control of time-varying systems

In this section, we consider the SD-based optimal LQ control of LCT systems with Markovian

jump parameters. The system model is as follows:
diUt = A(’I"t)ﬂ','tdt + B(’I‘t)utdt + C(’I‘t)th, (23)

where z; € R?, u; € R™ and W; € R" are system state, input and disturbance, respectively;
W, is a standard Brownian motion; 7; is a continuous-time discrete-state Markov process taking

values in a finite set S = {1,---, N} with transition probability matrix (see ref. [10]) given by
P(r)=[Pj(T)]=[P(rigr =Jj | me =1)] = e g <t <t+T, (24)
where A = (i), \ij > 0,7 # ¢, and
N
>N (25)
=Lt
Since r; is a finite state Markov process, it can be shown that |A;;| < co (see e.g. ref. [9]).
Suppose that A(r;) and B(r;) are known, and that the initial values zy and Markov process
{r¢} are independent. Since in any finite time interval, almost all sample paths of {r;} are step
functions with, if any, at most a finite number of discontinuous points, the solution of (23) in
any finite time interval can be regarded as a finite joining of the solutions of finite time-invariant
systems (see ref. [10]). For notational simplicity, in the sequel, when r; = i, we will denote

A(Tt) = A, B(Tt) = B;, etc.
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The objective of this section is to study the force of the sample step size on the control
effects, to find out the stabilizability condition by the SD-based control, further to investigate
the optimal index based on SD-based LQ control.

As in the above section, our objectives are (a) to investigate the effect of the sample step
size on the control functions, (b) to find out the stabilizability condition by the SD-based control,
and (c) to study the optimality of the SD-based LQ control.

Firstly, we introduce the following definition named Stochastic Stabilizability[*1:12]. This

definition was aimed at “noise free” system

diL‘t = A(rt)xtdt + B('f‘t)utdt (26)

and (24).
Definition 2.1. We say that systems (26) and (24) are stochastic stabilizability if, for
all finite zp € R™ and ry € S, there exists a linear feedback control law u; = —L(r)z(t)

with ||L(r:)]| < oo and a symmetric positive definite matrix M satisfying

T
lim E {/ z7 (t, o, 70, u)x(t, zg, 0, u)dt | mo,ro} <z Mxy.
T—o0 0
Or we simply say that [A(r:), B(r:)] is stochastic stabilizability.

The LQ index to be analyzed is of the following form, which is often used in stochastic
systems:

J%(u) = limsup %E {/0 (2" (t)Q(ry)x(t) + u” (t)R(ry)u(t))dt | mo,ro} , (27)

T—o0

where R; > 0, Q; > 0, and [4;, Q}p] is observable.
As pointed out in ref. [11], for any given positive definite matrix R;, nonnegative definite

matrix @Q;, the N-coupled algebraic Riccati equation set

N
ATM; + M;A; — MiB:R'BIM; + Y A\ijM; +Q; =0 (28)
j=1
has a unique set of positive definite matrices {M;, i =1, 2, ---, N} if and only if [A(r:), B(r4)]

is stochastic stabilizability and [A;, Q}p] is observable.

Similar to the last section, we introduce an admissible control set:

U ={u: u; € o{z, : s <t} which makes the state{z;} of (23) satisfy
1 1 [
limsup - E||z¢||> = 0 and limsup —E/ l|lzs]|?ds < oo} (29)
t—o0 t t—00 t 0

We have the following conclusions:
Theorem 2.1. Consider the system (23)-(24). Assume [A(r;), B(r¢)] is stochastic stabi-
lizability; and [A;, Qi/z] (Vi € S) is observable; and Markov process {r:,t > 0} and Brownian

motion {W;,t > 0} are independent. Then
1 t
(i) for any u € U°, J°(u) > limsup EE tr(C7 (rs) M (rs)C(rs))ds;
t—o0 0
(ii) the FS-based LQ control

ui & ~L(r), = —R(r) " B(r) M(ro)a, (30)
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is in 4°, and such that
1 t
JO(u*) =limsup —F [ tr(C"(r,)M(r,)C(r,))ds = min J(u),
t— o0 0 uelU®
where M;, R;, Q; are defined in (28) and (27), respectively.
Proof. (i) Similar to (2.29) of ref. [10], by (23) we have
1 T JAN M 1 T T
A2 M(re)z:) = lim (BlefaM(resa)zera | me] —af M(re)z,)
= a7 (AT (ro) M (r1) + M(ro) Ax(re) + Y Ape g M;)ay + tr(C7 (r) M () C(ry)), (31)

J

where A is the infinitesimal operator of the joint process {ry,z:}. Then, from Dynkin’s formula

t
Ex{M(ry)xy = ExiM(ro)zo + E/ 2L (AT (rs)M(rs) + M(rs)A(rs) + Z Ar, i M)z sds
0 ,

J

+ E/0 (ul B (rs)M(rs)xs + L M(rs)B(rs)us)ds

+ E/o tr(C7 (rs) M (rs)C(rs))ds.

And hence, we have
E {a:ZM(rt)xt + /0 (7 (s)Q(rs)z(s) + uT(s)R(rs)u(s))ds}

= Ex{M(ro)zo + E/o tr(C(rs)"M(rs)C(rs))ds

+ E/o (us + R(rs) ' B(ry)" M(rs)xs) R(rs)(us + R(ry) 1 B(rs)" M(rs)zs)ds.  (32)

So, for any u € U°, we get
T (u)

1 t
= limsup = F | (z2IQ(rs)zs + ul R(rs)us)ds

t—o0 0

= limsup {%E/ (us + R(ry) 'B(rg)"M(rs)xs)"R(rs)(us + R(ry) 1 B(rs)"M(rs)x,)ds

t—o0 0

t

—i—%E/O tr(C(rs)TM(rs)C(rs))ds} > limsuplE tr(C(rs)"M(rs)C(rs))ds.

t—o0 0

1 1 [
Here we have used inequations: lim —E|z;||?> = 0 and limsup —E/ l|lzs]|2ds < oo.
t—oo t—oo U 0
(ii) Under the control (30), system (23) becomes
diﬂt = A1 (rt)wtdt + C(T‘t)th,

where
A

Al('f‘t) A(’I"t) — B(’I"t)L(’I‘t).

(33)

(34)

Recalling [A(r:), B(rt)] is stochastic stabilizability, from ref. [11] we know that the symmetric

solutions, K; (i € S), of the equation set

AT K+ KA+ Y XK =1
J

(35)
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are positive definite. Construct K (r;) such that K(r;) = K; when r; = i. Thus, similar to (2.29)

of ref. [10], we have
e T A : 1 T T
A(zy K(r)z) = Jlim N (Elz], aK(resn)megn | 1o — ] K(ry)ay)

= zy (A7 (re) K (1) + K(re)Ax(re) + Z Are,i Kj)ze + tr(CT (r ) K (r)C (1))

= — [lze]l* + tr(CT (re) K (re)C(rr)), (36)

where A is the infinitesimal operator of the joint process {ry,z:}. Then, from Dynkin’s formula
t t

E {a:[K(rt):ct + / ||w3||2ds} = Ez{K(ro)zo + E/ tr(C7(rs) K (rs)C(rs))ds. (37)
0 0

Therefore,

t
E'||az:t||2 =O(t) and E/ ||a:5||2ds = O(t). (38)
0
‘We now show
lim sup E||z||* < oco. (39)
t—o0

Since for each 1 € S, K(i) > 0, and S has only finite elements, there exist constants a > 8 > 0
such that

0<BI<K(ry)<al, Vtz0. (40)
This together with (36) implies
A7 K(ri)e,) < o K(r)a+ (07 (r) K(r)C(ro)),
or
Ex]K(r)ay < e «'ExlK(ro)zo + 2B / t e~ =) (CT(r ) K (r,)C(ry))ds = O(1).  (41)
0

From this and (40) we see that (39) holds. Hence u* € U°.

By (39) and (32), we obtain
t

JO(u*) = limsup 1E tr(C7 (rs)M(rs)C(rs))ds.

t—o0 0

From now on, we will focus on the effect analysis of the SD-based LQ control law:

uy = —L(i)z; = —R; "Bl Mizpar, t€ [KAT,(k+1)AT), riar = i. (42)
To this end, set
hy = max AL (D), h= max |Asll, dy = ATe"Thy, (43)
_ t
Aufr) = Alr) = BOOLG), ¢ = | 7| AT, (14)
_ B.RL- T — (N — 1)(el4ll _
L = max || M; BiR; || - max | BR[|, A= (N —1)(el™1 — 1), (45)

where K is the solution of eq. (35).
Theorem 2.2. Consider system (23)-(24). Assume [A(r:), B(r:)] is stochastic stabiliz-
ability; [A;, Q;/z] (Vi € S) is observable; and Markov process {r;,¢t > 0} and Brownian motion
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{W},t > 0} are independent. Then under (42), if the sample step size AT satisfies

di 2 ATeMATh <1, AT <1

Ld 1+4d;)? 1 46
1 8( + 1) L)\ATS—, ( )
1—d, ' (1—dy)? 3

then
. 1 ! 2 2
limsup =F [ (||zs]]® + ||us||*)ds < o (47)
t—o0 t 0
and
1 t
limsup—F | (2IQ(rs)zs + ul R(rs)us)ds
t—o0 0
1 t
< limsup —F | tr(C7 (rs)M(rs)C(rs))ds + O(AT). (48)

t—o0 0
Remark 2.1. Similar to Remarks 1.2 and 1.3, a practical range of the sample step size
AT can be easily determined if our objective is only to stabilize the system and get a suboptimal
or satisfactory SD-based LQ control, whereas it may be difficult and complex to clarify the

maximum range of such AT or choose AT optimally in some sense.

We now introduce a lemma before proving Theorem 2.2.

Lemma 2.1. Suppose r; is a Markov process taking values in a finite set S = {1,---, N},
and is subject to (24) and (25); and f(rs): R! — R! and g(r,): R! — R"X" are measurable
functions with respect to o{ry,t > s}. Then, in the case where s — 59 < AT and AT <

B latr) = ot [ 5] vy =] < max o) = o) e 1) A5 = 00

where A = (N — 1)(ell4ll — 1).
Proof of Lemma 2.1. When s — sg < AT and AT < 1, it is easy to see

A(s—s0) _ I e/l(s—so) -7
S s
ij

J#i J#i J#i

P < A(s—s0). (49)

Since in any finite time interval, almost all sample paths of the Markov process {r;} are
step functions with at most a finite number of discontinuous points, suppose these discontinuous
points are S1, 8z, -, Sm, and satisfy sg < s1 < 83 < -+ < 8 < Sm41 = S. Then by (49) we

obtain

E [ng(m gt [, = }
= Z Hg(])fg(l)” Z Zf Ts@ sH—l — S )HPTSHTS:'Jrl (3i+1 *Si)

rs = j, 75y €S,000,7s,, €S 1=0 =0
J#i
m
< Y llaG) - (rln&XZf )(sit1 — Si)) > 1P, (sie1 — s0)
_— ; Tay €8, meiray, €8 =0
b

Iy
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< Y gl =g max f(1)(s = so) - Pij(s = s0) < Als — s0)” ~max [lg(j) — (i)l max f(D).

Ts = jv
VK
Proof of Theorem 2.2. Define
A A _ A
A]_(’)"t) = A('I"t) — B('f't)L(Tt)7 B]_(’l"t) = B(Tt)L(T't), B]_(Tt) = B(T‘t)L(’l"tl),
uf = — L(r)x; = —R(ry) 1 B(ry)” M(r4) .
Then system (23) with SD-based control law (42) has the following form:
dmt = Al ('I"t)mtdt + B(rt)(ut — U:)dt + C('I"t)th

= Al (rt)mt/dt + A(rt)(a:t — Itl)dt + C(’I"t)th. (50)
This gives
t t B t
Ty — Ty = / A(rs)(zs — xp)ds +/ Aq(rs)ds - zy +/ C(rs)dWs. (51)
t’ t’ t’
Hence, we have
t t B t
lze — zv] < / JAGrIl - s — zo]|ds + / 1Ay (r)lds -z | + | / Clr)dW,|.  (52)
t! ! t!

Applying Grownwall lemma, we obtain

t . t
foc—al < [ Naselds- oo -l 4| ey,
t t
t s
# [ e | [ e, | as < el + a0, (53)
t t
where d; is given by (43), and
t s t
dy(t) = hehAT/ / C(r,)dW,|| ds + ‘/ C(rs)dWsl|| . (54)
v e t

Similar to refs. [10, 11], by (50), Ito’s formula and (35), we get

¢
Exz; K(r))zy = Ex{ K (r9)zo + E/ 2L (AT (rs)K (rs) + K(rs)Ai(rs) + Z Ar, i Kj)xeds
0 ,

J

+ ZE/O (us —ul)"B™(rs)K(rs)zs + E/o tr(C7(rs)K(rs)C(rs))ds
= Ex{K(ro)zo — E/o llzs||“ds + E/o tr(C7 (rs)K(rs)C(rs))ds

+2F /t(us —ul) BT (rs)K(rs)zsds. (55)
Notice that '
(us —ul)" BT (rs)K(rs)zs = (L(rs)zs — L(rs )zs )" B (rs) K (rs)xs
= (zs — x5 ) L™ (rs )BT (rs)K(rs)xs + xL (L(rs) — L(rs)) BT (rs) K (rs)xs. (56)
The first term has the following upperbound estimate
(zs — 25) L7 (rs) B (r5) K (rs)xs

SLlzs —zol - lzs|l < L [dy[Jos || + da(s)] - [l
d1 dg(s)
<Ll + 0| el < aslles]® + Ba(s) [l (57)
1-d; 1—-d;
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where

Ldy
1—dy’

Lds (%)
1—dy

Ba(t) =

(58)

Qg =

Here we have used the condition dy < 1, (53) and the following inequality induced from (53):

1 dg(s)

s’ < s - 59
fewll < ¢ el + {24 (59)
Let ¢ = magctr(C' C;). Then, by (54), we have
i€
t 2 t s 2
Edy(t)? < 2E‘ / C(ry)dW,|| +2h2e*MAT (¢ — t’)/ E C( L)AW,|| ds
t/
= 2E/ tr(C7(r)C(rs))ds + 2h%*MAT( / / tr(C"(r,)C(r,))duds
< 2c(t —t') 4 ch?e2h AT (1 — t')3.
Therefore, from AT < 1 it follows
(k+1) 1
E/ d(s)ds < cAT? + Zch2e2hATAT4 < cAT?(1 + h2e?h). (60)
EAT

From this and Lemma 2.1, integrating the second term of (56) on interval (0, KAT| (K € IN),

and then, taking the expectation, we have

KAT
E/ 22 (L(rs) — L(rs))" BT (rs) K (rs)zsds
KAT
= E/ [(L(rs) = L(rs))" BT (rs) K (rs)|| - (2(1 + dv)?||lzor||* + 2d2(5)?) ds

(k+1)
E / [(L(rs) = L(rs))" BT (ro) K(rs)| - 2(1 + di)?|Jzar|®ds | rear = Z]

(k+1)AT

PmM_z+2E/ (r,) = L{rear)) BT (r)K(r,)| - 2da(s)?ds

K-1 (k+1)AT

8(1+d1)” )\ \p Z Jz/(k+1)AT(||m I+ da(s)?)ds + 4L > E d3(s)ds
S (1 —dy)? T : ’ kAT 2

8(1+dy)? 2(1+ dy)?
S (1 —dy)? (1 —dy)?
Here we have used AT < 1 and the following inequality induced from (53):

2 2do(s)?
22 24 4M2\°)
|| ~ (1 _ d1)2||w5|| + (1 _ d1)2

KAT
L,\ATE/ |zs|?ds + 4cLAT(1 + h%e*") (1 + A) KAT. (61)
0

lzsl* < 21+ d)?||lzw|” + 2d2(s)?, 2w (62)

Similarly, it can be shown that (61) holds for any ¢ > 0, i.e.

E/ x5 (L(rs) — L(rs )" B (rs) K (rs)xsds

(14 dy)

2
< ML/\ATE/ |zs||?ds + 4LeAT (1 4 h%e*™) <1 + 2(1+dl))\> t. (63)

(1—-dy)?
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Furthermore, by (55), (56), (57), (63) and the Schwartz inequality, we have
Exi K(ri)xy

16(1 + dy)? ¢
< ExgK(ro)zo — <1 — 209 — %L/\sz E/ as]*ds
—dy 0

+E/0 tr(CT(rs)K(rs)C(rs))ds+ZE/O Ba(s)||zs||ds

2(1 +dy)?
8cLAT (1 + h%e®) (1+ —— L))t
+8cLAT (14 h%e") (1 + TEERE

16(1 + dy)? ¢
< BzgK (ro)zo — (1 — 20 — %I»‘AT) E/ [ENRE
—di 0

+ E/Ot tr(C7(rs) K (r,)C(rs))ds + 2E </0t ,32(5)st> v (/Ot ||33s||2ds)
1

2(1 +dy)?
s /\> '

1/2

+ 8cLAT (1 + h2e2h)

From (46) it is easy to verify

16(1 + dy)? IAAT > 1
(1—dy)?

Noticing the independent increment property of the standard Brownian motion |W;

].720[27

similar to (60), by the large number law we have

limsup — / Ba(s O(AT?).

t—o0

1 16(1 4+ dp)? 1 [t
limsup £ < t K (re)ze + <1 —2ag — 4( - 12) L/\AT> 7/ ||:v5||2ds>
troo (1—dy) tJo

< limsup 1E/t tr(C7 (rs) K (rs)C(rs))ds + O(AT)

t— oo

1 ¢ 1/2
+0 (AT - lim sup <—E/ ||:vs||2ds> ) .
t—o0 t 0

1 t
limsup ~E [ ||z,||*ds < oo,
t—o0 t 0

Hence,

Thus,

i.e. (47) holds.
Now we calculate the quadratic index. By (59) and (65) we have

hmsup / E|lzy|*ds < oc.

Then, similar to (61), by (53) we get
1 ¢
limsup —F | (us —ul)"R(rs)(us — ul)ds
t—o0 0
t

— Jimsup % B [ (L) = L) R (L) = L))o,

+ 223 (L(rs) — L(rs )" R(rs) L(rs ) (zs — z41)
+(zs — 29) L7 (rs)R(rs)L(rs)(zs — xs )] ds = O(AT).

- Wt’||7
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Therefore, similar to (14), by the coupled Riccati equation (28) we have

1 1 [
limsup F <tmtTM(rt)mt + R / (27Q(rs)zs + ugR(rs)us)ds>
0

t—o0

t t

= limsup lE tr(C7 (rs)M(rs)C(rs))ds + lim sup 1E (us —ul)"R(rs)(us —ul))ds

t—o0 0 t—o0 0

= limsup - B /0 6(C7 (1) M(ry)C(ry))ds + O(AT). (68)

t— o0
3 Conclusions

General stochastic LCT systems are studied in this work, including those with time-invariant
or time-varying parameters. The control design is directly based on the original continuous sys-
tem and the original continuous performance index, without involving any discretized models
or discretized indices. In addition to stability analysis of the closed-loop systems, optimality of
performance index of the closed-loop system is analyzed. Particularly, the performance indices
corresponding to the SD-based LQ control and the FS-based LQ control, respectively, are com-
pared. And the difference between the performance indices is quantitatively expressed. It is
shown that when sample time AT is small, so is the index difference. Besides, the upper bounds
of the differences are also presented, which are O(AT?) and O(AT), respectively. As for how to
figure out the maximal range of AT, how to choose AT optimally, and how to obtain an explicit
expression describing the relationship between the sample step size and system structure and

parameters, it is very difficult and complex, and should be analyzed case by case.
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